MINKOWSKI CONTENT AND LOCAL MINKOWSKI CONTENT 
FOR A CLASS OF SELF-CONFORMAL SETS 



UTA FREIBERG AND SABRINA KOMBRINK 

Abstract. We investigate (local) Minkowski measurability of C^'^" images of 
self-similar sets. We show that (local) Minkowski measurability of a self-similar 
set K implies (local) Minkowski measurability of its image F and provide 
an explicit formula for the (local) Minkowski content of F in this case. A 
counterexample is presented which shows that the converse is not necessarily 
true. That is, F can be Minkowski measurable although K is not. However, 
we obtain that an average version of the (local) Minkowski content of both 
K and F always exists and also provide an explicit formula for the relation 
between the (local) average Minkowski contents of K and F. 



1. Introduction and statement of results 

The Minkowski content is a useful tool for describing the geometric structure of a 
fractal object. It can be viewed as a beneficial complement to the notion of dimen- 
sion for the following reason. It is well known that fractal sets of the same "fractal" 
dimension (such as Minkowski or HausdorfF dimension) can differ significantly in 
their structure. For example, consider the following two Cantor sets: Subdivide the 
unit interval [0, 1] into seven intervals of same lengths. For the first Cantor set Ci 
keep the first, third, fifth and seventh interval from the left and repeat the same 
procedure with the remaining intervals. For the second Cantor set C2 keep at each 
step the two leftmost and the two rightmost intervals. Then the Minkowski as well 
as the Hausdorff dimension of Ci and C2 are equal, although the two sets differ 
significantly in their gap structure. The Minkowski content is capable of detecting 
this structural difference, as is discussed in [16, 17], and was proposed therein as a 
measure of lacunarity for fractal sets. The word lacunarity originates from lacuna 
which is Latin for gap. According to [16] "a fractal is to be called lacunar if its 
gaps tend to be large, in the sense that they include large intervals (discs, or balls)." 
Thus, C2 is more lacunar than Ci. This is also reflected by the fact that the average 
Minkowski content of Ci is greater than that of C2 (see Example 1.13). 

Besides the geometric interpretation, results on the existence of the Minkowski con- 
tent play an important role with respect to the Weyl-Berry conjecture concerning 
the asymptotic distribution of the eigenvalues of the Laplacian on domains with 
fractal boundaries. More precisely, the second term asymptotic is expressed in 
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terms of the Minkowski dimension and the Minkowski content of the boundary of 
the domain (see Section 4 in [5], [11, 15] and references given there). 

Another motivation for stiidying the Minkowski content of fractal sets arises from 
noncommutative geometry. In Connes' seminal book [3] the notion of a noncommu- 
tative fractal geometry is developed. There, it is shown that the natural analogue 
of the volume of a compact smooth Ricmannian spin manifold for a fractal set in 
M is that of the Minkowski content. This idea is also reflected in the works [7, 9, 19]. 

There arc various works available concerning the existence of the Minkowski content. 
A complete characterisation of Minkowski measurability of fractal strings has been 
obtained in [12, 14]. These works, as well as [5], lead to explicit formulae for 
the Minkowski content of self-similar subsets of M satisfying the open set condition 
(OSC). Moreover, it is shown that a self-similar subset of K which is of zero Lcbesgue 
measure is Minkowski measurable if and only if it is nonlattice in the sense of 
Definition 1.9 (see [12] and references within). In higher dimensions, Gatzouras 
[8] obtains Minkowski measurability of nonlattice self-similar sets satisfying the 
OSC and gains explicit formulae for their Minkowski content. Assuming certain 
conditions on the geometric structure of the underlying set, alternative formulae 
are obtained in [4, 13] for the nonlattice case. Furthermore, there it is shown that 
the Minkowski content does not exist in the lattice situation. For non-Minkowski 
measurable sets it is worthwhile considering the average Minkowski content, which 
is defined to be the logarithmic Cesaro average (see Definition 1.4) and has been 
proven to exist for any self-similar set satisfying the OSC in [8]. 

In [21], the results of [8] are generalised in that a localised version of the (average) 
Minkowski content is examined. This localised version of the (average) Minkowski 
content, which we call the local (average) Minkowski content (see Definition 1.5), 
is one of the (average) fractal curvature measures which are introduced in [21] and 
studied for (random) self-similar sets in [21, 22, 23]. The intention behind introduc- 
ing fractal curvature measures was to develop an alternative notion of curvature, 
since the classical notions do not seem to be appropriate for fractal sets. Moreover, 
the introduction of fractal curvature measures was motivated by finding geometric 
characteristics for fractal sets that supplement the notions of dimension. 

In this paper we are interested in statements on the existence of the (average) 
Minkowski content -and its local version- of sets which are more general than 
self-similar sets, namely self-conformal sets. Self-conformal sets arise as invariant 
sets of iterated function systems consisting of contracting conformal maps (see for 
example [18]). Some results have already been obtained for these kind of sets. In 
[10] it is shown that the (local) average Minkowski content of a self-conformal subset 
of M which satisfies the OSC exists and can be calculated explicitly. Moreover, in 
the nonlattice case, existence and an explicit formula for the (local) Minkowski 
content have been obtained (we refer to [10] for the explanation what it means for 
a self-conformal set to be nonlattice and for the explicit formula for the (average) 
Minkowski content -and its local version). In this present paper, we extend these 
examinations to higher dimensions by considering self-conformal sets which arise 
as images under C^+^-diffeomorphisms of self-similar sets. To be more precise, we 
consider the following setting. 
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Setting 1.1. Let {W^,p) denote the d- dimensional Euclidean space and for a com- 
pact set d) Y c M.'^ and s > define Ye ■= {x e R'^ \ p(Y,x) < s} to be the 
e-parallel neighbourhood ofY. Let $ := {^i, . . . , (/>Ar} denote an iterated function 
system (IPS) consisting of contracting similarities R'^ — > U.'^, i G {!,..., iV}, 
where N > 2. We require the contraction ratios ri, . . . ,rN of <j)i, . . . . (pN to lie in 
(0, 1) and denote by K the unique nonempty compact invariant set of<^. We assume 
that $ satisfies the strong separation condition (SSC), that is, (j)iK n (j)jK = for 
each i ^ j £ {1, . . . , N}. Note that the SSC implies the OSC, that is, there exists a 
bounded open nonempty set O C K'' such that (j)iO C O for all i £ {1, ... , N} and 
(piO n (j)jO = for i ^ j £ {1, . . . , N}. Associated with such an IPS is the code 
space E := , where A '■= {1, .... N} denotes the alphabet consisting of N sym- 
bols. The code space gives a natural encoding of the invariant set K via the code 
map tt: S — >• if, which maps UJ1OJ2 • ■ • G S to the unique point in the intersection 
rineN (t>m-wn^' where (j)^^!-^^^ ■= <f>u;i ° ■ ■ ■ ° (t>ujr, ■ We also require a conformal dif- 
feomorphism g: U ^ M.'^ defined on an open domain lA containing the 1/2-parallel 
neighbourhood K1/2 of K , where conformal means angle preserving. Recall that the 
Jacobian T>g of a conformal map g at a point x £ U can be decomposed into an 
orthogonal matrix 0{x) and a scalar f{x), nam,ely 

Dff(x) = fix) ■ 0{x) 

(see for example Chapter A. 3 in [1]). The length scaling ratio of g at a point x will 
be denoted by \g'{x)\ := |/(a;)|. We assume that \g'\ is a-Holder continuous with 
a > and set F := g{K). Then F satisfies 

N 

F=[jg<Pig-\F). 

The maps ipi := g(j)ig~^ for i G A are not necessarily contractions. However, the a- 
Holder continuity of \g'\ implies that an iterate ^ of the system ^ := {V'lj • • • j V'Af} 
consists solely of contractions. Indeed, is an IPS and F is its unique nonempty 
compact invariant set. Note that the IPS ^ also satisfies the SSC, since g is a 
diffeomorphism. 

Crucial for the definition of the (average) Minkowski content -and its local version- 
is the notion of the Minkowski dimension. 

Definition 1.2 (Minkowski dimension). For a nonempty compact set y C M** the 
upper and lower Minkowski dimensions are respectively defined to be 

dimM(j'^) ■= a — liminf — — - and dim j^(y ) := d — limsup — ^-^ — -. 

s\iO m S e\,0 111 ^ 

Here, A*^ denotes the d-dimensional Lebesgue measure. In case the upper and lower 
Minkowski dimensions coincide, we call the common value the Minkowski dimension 
of Y and denote it by dimM{Y) =: 6. 

Remark 1.3. The (upper and lower) Minkowski dimension coincides with the (upper 
and lower) box counting dimension (sec Proposition 3.2 in [6]). 

Definition 1.4 ((Average) Minkowski content, Minkowski measurability) . Let Y C 
M*^ denote a nonempty compact set whose Minkowski dimension S exists. 
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(i) The average Minkowski content of Y is defined by 

M{Y) := lim |lnT|-i f e^-<^X\Y,)'^, 



IT 

provided tlie limit exists, 
(ii) The upper and lower Minkowski contents of Y are respectively defined to 
be 

M{Y) ■.= \imsupe'^-'^X'^iY,) and := liminf £'^-''A'^(ye)- 

If Ai{Y) = M_{Y), then we call the common value the Minkowski con- 
tent of Y and denote it by M{Y). If A4{Y) exists, then Y is said to be 
Minkowski measurable. 

Often, not only the global structure of a set is of interest but its local structure 
is too, since it contains more information on the 'texture' of the set itself. This 
information is reflected by the local (average) Minkowski content, which gives a 
refinement of the (average) Minkowski content. 

Definition 1.5 (Local (average) Minkowski content). Let y C M'' denote a nonempty 
compact set whose Minkowski dimension 6 exists. 

(i) Provided the weak limit of finite Borel measures exists, we define 

M{Y, •) := w-lim|lnT|-^ J e^-'^-^X'^{Y, n ^de 

to be the local average Minkowski content of Y . 

(ii) The local Minkowski content Ai{Y,-) is defined, whenever this weak limit 
exists, to be the weak limit of finite Borel measures 

MiY, •) := w-lime^-'^ X'^iY, n •)• 

It is well-known that the Minkowski dimension of self-similar sets satisfying the SSC 
exists, that it is equal to the Hausdorff dimension and that it is given by the unique 
solution s of the equation X^^^ r| = 1 (see Theorem 9.3 in [6]). Moreover, F has 
the same Minkowski dimension as K, since 5 is a bi-Lipschitz map (see Corollary 
2.4 together with Theorem 9.3 in [6]). Thus, the terms from Definitions 1.4 and 1.5 
are defined for such sets. This allows us to formulate our results. 

Theorem 1.6 ((Average) Minkowski content). With the notation of Setting 1.1, 
let 5 denote the Minkowski dimension of K (and hence F). Let denote the 
normalised 6-dimensional Hausdorff measure on K, that is, fig = 'H^\k/'H^{K), 
where denotes the 6-dimensional Hausdorff measure. Then the following hold. 

(i) The average Minkowski contents of K and F always exist and are positive 
and finite. Moreover, they satisfy the relation 



M{F) = M{K) ■ [ Ig'fdi^s. 



(ii) F is Minkowski measurable if K is Minkowski measurable. In this case we 
have M{K) = M{K) and M{F) = M{F). 



(LOCAL) MINKOWSKI CONTENT FOR A CLASS OF SELF-CONFORMAL SETS 



5 



Theorem 1.7 (Local (average) Minkowski content). With the notation of Setting 
1.1, let 6 denote the Minkowski dimension of K (and hence F) and define jis o-s in 
Theorem 1.6. Then the following hold. 

(i) The local average Minkowski contents of K and F always exist. Moreover, 



(ii) If the local Minkowski content of K exists, then the local Minkowski content 
ofF exists. Moreover, M{K,-)^ M{K, •) andM{F,-) = M{F, ■). 

For subsets of IR it was shown in [10] that the converse of Theorem 1.7(ii) also holds. 
Hence the local Minkowski content of F exists if and only if the local Minkowski 
content of K exists. However, it is important to remark that the converse of 
Theorem 1.6(ii) is not true in general. To illustrate this, we present the following 
example, which is originally given as Example 2.15(iii) in [10]. 

Example 1.8 (Kcsscbohmcr/Kombrink). Let A' C M denote the middle third Cantor 
set and let fj, denote the normalised (ln2/ln3)-dimensional Hausdorff measure on 
K. Let / : R — ^ M denote the Devil's staircase function given by f{r) :— /i((— oo, r]), 
define the function 5: M ^ R by g{x) := jl^Uiv) + l)^'"^/'"^d2/ and set F := 
g{K). Then F is Minkowski measurable although K is not. 

Next, we present some results from [8, 21], which in tandem with Theorems 1.6 
and 1.7 allow us to deduce explicit formulae for the (average) Minkowski content 
-and its local version- for C^+^-diffeomorphic images of self-similar sets. For the 
statement of these theorems, we require the following definition. 

Definition 1.9 ((Non)lattice, scaling function). Fix the notation of Setting 1.1. 
The iterated function system $ is said to be lattice if there exists an a > such 

that Inri G aZ for all i G ^. If a > is maximal with this property, then $ 
is called a-lattice. If, on the other hand, no such a > exists, then $ is called 
nonlattice. We use the terms lattice and nonlattice also for the invariant set K, if 
the associated IFS $ is lattice or nonlattice respectively. Furthermore, the scaling 
function Rd{K, •) : (0, 00) — >• R of JsT is defined by setting 



We remark that for £ > small enough, Rd{K,e) is equal to — A''(lJ-_^^.g_^((/>ji^)e fl 
{(j)jK)s) and thus describes the volume of the overlap of sets of the form {(j)iK)s for 
i G A. (This follows from an inclusion-exclusion argument.) 

Theorem 1.10 (Gatzouras). Assume that the conditions of Setting 1.1 are satisfied. 
Let 5 denote the Minkowski dimension of the self-similar set K. Then the following 
hold. 



A4{F, •) is absolutely continuous with respect to the push forward measure 
gi,M{K, •) and their Radon-Nikodym derivative is 




R4K,e) := X''{K,) - ^ l(o,,,](e)A''((<A,/^),). 
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(i) The average Minkowski content A4{K) of K exists, is positive and given 
by ^ 

M{K) = - (^11 ''t In s^-'^-^RdiK, s)ds. 

(ii) If ^ is nonlattice, then the Minkowski content of K exists and coincides 
with the average Minkowski content, that is A4{K) = A4{K). 

The above theorem was originaUy given in Theorem 2.3 in [8] but is presented in 
the form of Theorem 2.3.10 of [21]. 

Remark 1.11. The factor — J2iLi ''f l^^j multipUed with 5 coincides with the mea- 
sure theoretical entropy of the shift-map with respect to the unique shift-invariant 
Gibbs measure for the potential function —6^. Here the geometric potential 
function ^: S ^ M is defined by ^(w) := — lnra,i for ^ = u)iL02 • ■ • G S. The quan- 
tity —S X^i^i 111 '^Iso known as the entropy of the probability distribution 
{rf, . . . , r^). For further explanation of these terms see [2]. 

Theorem 1.12 (Winter). Assume that the conditions of Setting 1.1 hold. De- 
note by 6 the Minkowski dimension of the self-similar set K and let denote the 
normalised 6-dimensional Hausdorff measure on K. Then the following hold. 

(i) The local average Minkowski content of K exists and is given by 

M{K,-)=M{K)iis{-). 

(ii) If ^ is nonlattice, then the local Minkowski content exists, and we have 
M{K,-) ^ M{K,-). 

Theorem 1.12 corresponds to Theorem 2.5.1 in [21]. 



Note that all the results from Theorems 1.10 and 1.12 actually hold under the 
weaker OSC. Moreover, under certain additional assumptions an alternative for- 
mula for the (average) Minkowski content of K can be found in [4, 13]. 



Let us return to the two Cantor sets Ci and C2 which were described at the be- 
ginning of the introduction. An application of the theorem of Gatzouras (Theorem 
1.10) yields explicit values for their average Minkowski contents in the following 
way. 

Example 1.13. Recall the construction of the two Cantor sets Ci and C2 from the 
beginning of the introduction. Ci is the invariant set of the iterated function system 
$ := {^1, . . .,(1)4}, where ^j(a;) = x/7 + 2{i - l)/7 for i G {1, ... ,4}. It can be 
easily verified that the IFS $ satisfies the conditions of Setting 1.1 and that the 
Minkowski dimension of Ci is equal to 5 = In 4/ In 7. An application of Theorem 
1.10 now yields that 

Using the fact that Theorem 1.10 also holds under the weaker OSC, we likewise 
obtain that 

~ 3^ 2-^ 
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where (5 = In 4/ hi 7 is the Minkowski dimension of C2. Thus, M{Ci) > M{C2)- 

Combining our Theorem 1.6 with the results from Theorem 1.10 we immediately 
obtain the following explicit formulae for the (average) Minkowski content of the 
0^+" image F. 

Corollary 1.14. With the notation of Setting 1.1, let 8 denote the Minkowski 
dimension of K (and hence F). Further, denote the scaling function of K by 
Rd{K, •) and let ^5 denote the 6-dimensional normalised Hausdorff measure on K. 
Then the following hold. 

(i) The average Minkowski content Ai{F) of F exists, is positive and is given 
by 

MiF) = -(j2ri^^r}j j\'-''-'Rd{K,e)d6 ■ Jjg'\'d,,s. (1.1) 

(a) If ^ is nonlattice, then the Minkowski content of F exists and coincides 
with the average Minkowski content, that is M{F) = M{F). 

Combining Theorem 1.7 with Theorem 1.12 we obtain the following corollary for 
the local (average) Minkowski content. 

Corollary 1.15. With the notation of Setting 1.1, denote by 5 the Minkowski 
dimension of K (and hence F) and let jis denote the S-dimensional normalised 
Hausdorff measure on K. Then the following hold. 

(i) The local average Minkowski content Ai{F, •) of F exists and satisfies 

dMjF,.) ^ Wog-^f ~ 

d(5*M*)(-) lK\9'\'dns ^ 

(ii) If ^ is nonlattice, then the local Minkowski content M{F,-) of F exists 
and is equal to A4{F,-). 

Observe that the measure u, given by ..'^^ ^ = i^,"?,, coincides with the 5- 

conformal measure of the IFS ^ =: {ipi, . . . , ipu}, where ^ is defined as in Setting 
1.1 and M £ N. Here the 5-conformal measure of ^ is the unique probability 
measure /k supported on F, which satisfies 



Jb 



B 



for all i G {1, . . . ,M} and all Borel sets B <Z W^. For more details about this 

measure, see, for example [18]. 

Remark 1.16. The results of this paper are concerned with self-conformal sets which 
arise as C^+"-images of self-similar sets. For general self-conformal sets in W^, which 
cannot necessarily be obtained in this way, our results and the ones presented 
in [10] for subsets of M suggest that the (average) local Minkowski content is a 
constant multiple of the J-conformal measure, whenever it exists. This has recently 
been obtained under certain geometric assumptions and will be presented in a 
forthcoming paper by the second author, where the dichotomy of lattice versus 
nonlattice will also be discussed. 
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2. Proofs 

Observe that Theorem 1.6 fohows immediately from Theorem 1.7. Thus, in this 
section we exclusively deal with the proof of Theorem 1.7. The proofs of the first 
and second part of Theorem 1.7 differ quite significantly. However, certain tools 
are used in both proofs and these tools are presented in Lemmas 2.1 to 2.3. Before 
turning to them, let us fix some notation. 

As described in Setting 1.1, let K denote the self-similar set which is generated by 
the iterated function system $ := {0i, . . . , (j)N} consisting of contracting similari- 
ties with contraction ratios n, . . . ,rjv- We assume without loss of generality that 
diam(iir) = 1. 

The Code Space S. Recall that we refer to the set A'-= {1, . . . , A^"} as the alphabet 
and let A"' denote the space of words of length n e N over A. Furthermore, let 
A* := UneNu{o} denote the space of all finite words over A including the empty 
word and recall that S := A^^ denotes the code space which represents the set 
of infinite words over A. For a finite word w & A* its length is denoted by n(w). 
For (jj := LOi ■ ■ ■ € A* we set (j)^^ := (ji^^^ o • • • o ip^^ , r^^ := r^^^ ■ ■ ■ r^^ and define 
[oj] := {iJ G T, \oji = uii for alH € {1, . . . , n{co)}} to be the co-cylinder set. Moreover 
for w := L0ioj2 - ■ ■ € S and n e N we denote the initial word of length n of w by 
Lo\n := CO1OJ2 ■ ■ • LOn- Finally, we set rmin := min{ri, . . . , rjv}- 

The Word Space E(e,6'). We denote the minimal length scaling ratio of g on the 
(l/2)-parallel neighbourhood K1/2 of K by 

7, := min \g'{x)\. 

a;GKi/2 

Since g is a difFeomorphism with domain U D K1/2, we have that 7, > 0. Recall 
that g e C^+"(W) and denote by c the Holder constant of \g'\. For 6* > and e >0 
set 

be,9 

The family S(e, 9) (and in particular bg^o) is constructed in such a way that 

(i) a powerful bounded distortion lemma holds for \g' | on (e/ 7, )-ncighbourhoods 
of 0„i4r for w e S(£, 0) and sufficiently small e > (see Lemma 2.1) and 

(ii) Kg/j^ can be written as a disjoint union of the sets {^uK)^/^^ , where the 
union ranges over co e E(e, 6) (see Lemmas 2.2 and 2.3). 

Lemma 2.1 (Bounded Distortion Lemma). For 6>0, 0<e<^ and an arbitrary 
CO e S(e, 6) we have that 

(1 + e)-' < < 1 + ^ for all x,y& (</>„K),/^^ . 



c 



l/a 



2 — and 

7, 



:= ^.uj eA* \r^ < befi and r^|„(„,_i > be,9\ 
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Proof. Since ui lies in E(e, 9), the diameter of the set {(pujK)^/^^ satisfies 

£ e fOiV"' 

A\a.va{<j)^K)^,^ = diam(i4r) +2— < befi + 2— = ^ 

' ^ — . — ' 7, 7, V c y 

=1 

Recalling that \g'\ is a-H61der continuous with Holder constant c, we hence have 
\\g'{x)\ - \g'{y)\\ < c\x-y\<' < Oj, for all x,y € {<i>u.K),/^^. 

Thus, 

\g'ix)\ ||g'(^)l-|g^(^)l| n , 1 
\9'{y)\ - W{y)\ - 

for all x,y £ {(j)u,K)g/y^ . The second inequality follows on interchanging the roles 
of X and y. □ 

Lemma 2.2. For 9 > and < e < ^ ( ^ j we have that 



K= y (j>^K. 



Proof. The condition < e < ^ implies that 6^,^ = (^) - 2:^ > 0. 

Therefore for every u gT, there exists an n G N such that r[^|„ < ^e^q. □ 



For the following lemma, wc define 



p{Y, Z) := min p{y, Z) := min min p{y, z) 



for compact sets Y,Zc M"^. Moreover, we set 



:= min p{(l>iK,(l>jK)/2 



and remark that ^ is positive because $ satisfies the SSC. 

Lemma 2.3. For 9 > and < e < eo{9) := 7, • r^^ ' ( ) ' i+20r„ 
elements of {{(puiK)^/^ \ uj G 9)} are pairwise disjoint for distinct w e E(e, 9), 



the 



{(p^K),/^^ n i^vK),/^^ =0 forallcoj^ve T,{s, 6). 

Proof. Note that the cardinality of E(e, 9) is finite. Therefore, there exists w' e 
E(c, 0) satisfying r^^/ < r^^ for all u € S(£,^). Hence, for w 7^ w e T,{e,9) we have 
that 

(t>^K) > r^, ■ 213 > r^inbe,e ■ 2/3 = r^i^ (^^^ ^ - 2^^ ■ 2/3 

>r.Jii±^£-2£).2/3 = 2±, 
which implies the assertion. □ 
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Proof of Theorem 1.7(ii). That the existence of M{K,-) (resp. M.{F,-)) imphes 
the existence of M.{K,-) (resp. Ai{F,-)) can be easily seen, since Ai{K,-) (resp. 
M{F, •)) is the Cesaro-average of M.{K,-) (resp. A1(F, ■)). Thus, it only remains 
to show that 

w-\\me^-'^\'^{F^ n •) = At(-), (2.1) 

e— !-0 

where /x denotes the measure given by 



By the Portmantciau Theorem, this is equivalent to the following. For every se- 
quence (£„)neN of positive real numbers converging to we have that 



(a) lim e^-'^X^iF,^ nR'^) = iJi{W^) and 

n— >cx3 

(b) for every closed set ^4 C R'', 

limsup4-''A'^(i^c„ n A) < n{A). 



We start by showing Condition (b). Let {en)nen be an arbitrary sequence of positive 
real numbers converging to and fix a closed set ^ C R''. Fix 9 > and set 

£:=min|£o(^),|-(^^y^"|, (2.2) 

where eo(^) is defined as in Lemma 2.3. Choose no(0) G N sufficiently large that for 
all n > no{0) we have e„ < e. Prom here on, assume that n > no{0). For u £ A* 
and £ > define 

Guj{e) := min||g'(x)| | x e {4>^K)s/^^^ . 
Applying Lemmas 2.1 and 2.2 yields the following. 

X\F,^ nA)< ((g^^^hn n A) 

< Yl ^'(5((0«if)e„/G„(e„)n5-'^)) 

weE(£„,e) 

< Yl >'''{{<l>u.K%^/GUen)^9~'A)-GU^n)''il + 0)''. (2.3) 
wes(£„,e) 

To bound this latter quantity, let us focus on the term A'^(((;iti>-^)£„/G„(£„) ^1 9~^^) 
for w e T,{sn,0). Set 

D 7, • mm{p{(l)^K, 4>^K)/2 \ u: ^ v e S(e, 9)] 

and observe that Lemma 2.3 implies that en/Gu;{en) < -D/7, . Thus, for all oj € 
T,{sn,d), we have that 

^i^)e„/G.(s„) = ^£„/G„(e„) H {(j)^K)D/^^ . (2.4) 

Moreover, B := 5f~^A n {(t>ujK)u/^^ is closed since 51 is a difleomorphism. By the 
hypotheses, M.{K, •) := w-lim„_^(x> 2^n~'^^'^(^£„ ^ ') exists, and so the Portmanteau 
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Theorem and Equation (2.4) imply tliat 

/ \ S—d 

limsup A{4>u.K%^/GUen) n g-'A) 

< M{K,B). 

Hence, for all k > there exists an n € N such that for all n > n we have that 

sup \\i<lyu,K),^/GUe.)^9~'A)<M{K,B) + K. (2.5) 

k>n \'^ui(£k) / 

From Equations (2.3) and (2.5) we now obtain that 

sS-dxd(^F,„ n A) 

\ S-d 

£r. 



< {M{K,g-^Ar^{(f>^K)n/^^) + n)-G^{enf{l+ef. 

By Theorems 1.10 and 1.12 we know that M{K, •) = M{K)iJ,s{-). Thus, the support 
of M{K, ■) is K and the definition of D implies that M{K, g~^An {(j)ujK) D/■y^) = 
M{K, g^^A n (f)uiK). Therefore, using the bounded distortion lemma (Lemma 2.1) 
we conclude the following. 

ei-'^X'^{F,^ n A) 

< f \g'\'dM{K,.){l + 6Y+ G^{enYn{l + 6f 

< I \g' og-^\'d{g,M{K,.)){i + eY+ G^{ofK{i + eY+'. 

Finally, since the expression in the last line does not depend on n, we can take the 
limits as K — >■ and ^ — >^ to obtain 

limsupe^'^A''(Fe„nyl) < / \g' o g-^\'A{g,M{K,-)) = ^i{A). 
This shows that Condition (b) is satisfied. 

Now that Condition (b) is verified, to obtain Condition (a) it suffices to show 

that for every sequence (en)neN of positive real numbers converging to wc have 
liminf„^oo4"''-^'^(^e„) > A*(K'')- To that end, fix such a sequence {£n)nen and an 
arbitrary ^ > 0. By our hypotheses, \\m.s^Q e^~'^\'^{Ks) = M.{K) and so for all 
K > there exists an n G N such that for all n > n and all to G S(£„, 6) we have 
that 

S-d 



( r„G„(0(l + .) ) ' A-(if..„..„.,..„.«„)-M(A-) 



< K. (2.6) 
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Recall the definition of e' from Equation (2.2) and ehoose no{9) > n sufficiently 
large that e„ < e ioi all n > no{9). Assume that n > nQ{9) from here on. Lemmas 
2.2 and 2.3 together with the inequality given in Equation (2.6) imply that 

wei;(e„,e) 

- ^''^ E '^'^(^")''^«A''(^en/(r„G„(e„)(l+0))) 
u>eS{e„,0) 

a;6S(e„,e) 

> E G^(0)V^(l + ^)-''(>l(i^)-K), 

wes(o,e) 

where the last inequality is a consequence of Lemma 2.1. Since 9 was arbitrarily cho- 
sen, the above inequality holds for all ^ > 0. Having lim^_^o X^weE(o,0) 
Ik b'l* conclude by taking the limit as 9 tends to that 

liminf 4-'^A'*(F^„) > / Ig'fdfis ■ {M{K) - k) for all k > 0. 

n-J-oo Jj^ 

Hence, 

Iiminf4-''A'^(F,J > / \g'f dfxg ■ M{K). 

□ 

Our next aim is to prove Theorem 1.7(i). The first step in this direction is the 
following definition. An intersection stable generator of Q3(IR'') is defined to be a 
collection of sets £ C *B(M'') such that the smallest cr-algebra containing £ coincides 
with !B(R'^) and such that the intersection of any two elements of £ again is an 
element of £. In the proof of Theorem 1.7(i) we are going to use the fact that 
two Borel measures which coincide on an intersection stable generator of the Borel 
cr-algebra 03 (K'^) coincide on 03 (E'^). The intersection stable generator we use is 
constructed as follows. First, recall that the SSC implies the OSC and that the 
OSC was proven to be equivalent to the strong open set condition (SOSC) for self- 
similar subsets of M'' in [20]. An iterated function system $ := {(pi, . . . , (f>N} with 
invariant set K satisfies the SOSC if there exists a nonempty bounded open set 
O CR'i such that $(0) := U»=i 4'^0 C O, (p^O n 0^0 = for i 7^ j e {1, . . . , N} 
and O Ci K ^ 9. Such a set O satisfies K C O and shall be fixed from now on. 
Motivated by Section 6.1 in [21] we define 

'■= {g4>ujO \ ijj & A*} U ICp, where 

K.F ■■= {C e 5B(M'^) I 3n e N: C C M'^ \ |J gt^^O}. 

Lemma 2.4. £p is an intersection stable generator for the Borel a -algebra 05 (M''). 

Proof. It can easily be seen that £f is intersection stable and that £f C *B(IR''). 
Thus, what remains to show is that 03(M'') C a{£F), where a{£F) denotes the cr- 
algebra generated by £f- For this inclusion we are going to prove that every open 
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set U C M'' is contained in the cr-algebra (7{£f)- In the proof of Lemma 6.1.1 in 
[21] it is shown that every open set in R"^ is a countable union of sets in 

£k '■= {(I>uj0 I a; e ^*} U JCk, where 

K.K ■■= {C e <B(M'^) I 3n e N: C C K'* \ |J ^„0}. 

Thus, there exist sets Ai e £k, i S N, such that g^^U = Ui^i^i- If ^ ^k, 
then there exists an n G N such that n Ut^e^t" 't''^^ — ^- "^^^^ implies that 
gAi n UwEyt" 9't'ujO = and hence we have that gAi e JCp- If, on the other hand, 
Ai G {0a;O I u> e A*}, then gAi G {g(f)u,0 \ ui G A*}. Therefore, gAi G Sp for all 
« G N and ;7 = \J°1^ gAi. □ 



For the proof of Theorem 1.7(i) we also require the following lemma, which is a 
weaker version of Lemma 5.2.1 in [21]. 

Lemma 2.5 (Winter). There exist constants ??i,?72,k > such that for all e,s 
satisfying 0<e<s<K,we have 



Proof of Theorem 1.7(i). By Theorem 1.12 we know that if $ is nonlattice, then 
M(K, ■) exists. Thus by Theorem 1.7(ii) also M{F, ■) exists and dM{F, ■) = \g' o 
g~^\^d{g^M.{K,-)). Hence, the assertion follows in the nonlattice case, since the 
existence of the local Minkowski content clearly implies the existence of the local 
average Minkowski content, M{K,-) = M{K,-) and M{F,-) = M{F,-). This 
leaves the case that $ is a-latticc for some a > 0, which we now prove. 

Under the assumption that the average Minkowski content of F exists (which we 
show later), the family of finite Borel measures 

V := |mt(-) := |lnr|-i £ e'-''\\F,, of I ^ G (0, 1)| 

is tight and bounded. Let (r„)„eN denote a sequence in (0, 1) converging to 0. 
Then by Prohorov's Theorem, there exists a subsequence {Tn^)k£n and a finite 
Borel measure /I depending on the sequence {nk)ken such that {^^Tn^ )fcGN converges 
weakly to /I. We will show that 7* coincides for every such sequence {nk)ken with 
the measure /j. which is given by 



i„/„„-ii^ 



d(^g,M{K,-)) 



(2.7) 



For this we use the fact that two measures which coincide on an intersection stable 
generator of *8(M'*) coincide on the whole cr-algcbra ©(M"*). Thus, by Lemma 2.4 
it remains to show that lim;;_>.oo Mt„j, {A) = ij{A) for every A € and arbitrary 
(nfe)feeN- (This also implies that the average Minkowski content of F exists and 
thus that V is tight and bounded.) However, this follows from the statement that 



X{A) = X{A) = f,{A) 



(2.8) 
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for all A 6 ^F, where 



:=liinsup|lnT|-i / e^-'^X'^{F, n A)— and 

X{A) := liminf|lnrri / e^-'^X'^{F, D A) — . 

In order to demonstrate the equality in Equation (2.8), let us start with the following 
observations. If $ is a-lattice, then the function t ^ {e~*Y~'^\'^{K^-t) converges 
along sequences of the form (an+x)„gN, where x G [0, a). This has been obtained in 
Equation (2.9) of [8] and results from renewal theory. Thus there exists a periodic 
function /: M+ — )• K+ with period a such that for all a; € [0, a) 

lim (e-(^+'"»))*-'*A'^(ii:,-(.+^„)) = f{x). 

m—^oo 

Moreover, Equation (2.10) in [8], which follows from Lebesgue's Dominated Con- 
vergence Theorem, states that 

lim / (e-('^+™"))*-'^A'*(ii'^-(»+„.a))da;= / f{x)dx. 

'"^°°i[0,a) i[0,a) 

Thus, for an arbitrary ^ > there exists an M e N such that for all m > M we 
have 



f (e-(-+™«))*-'^A'^(if,-(.+^<.))da;- / /(x)da 

J[0,a) J[0,a) 



< 0. (2.9) 



For this ^ > fix M as above, take eo{0) as in Lemma 2.3 and set 

r := mm{ru \ uj £ T,{eo{0), 6)} and 

L := max{M — ln(7,r), — Ineo(^), — In i^IiL}, 

where k is the constant from Lemma 2.5. Denote by [xj the integer part of x € M, 
that is, the largest integer which is less than or equal to x. Then we can reformulate 
the expressions X{A) and 2£.{A) for A Q Sp a.s follows. 

X{A) = limsupT-i / {e-'f-'^X'^{F^-t n A)dt 

T-j-oo Jo 

= limsupT-i V / {e-'y-'^X'^{F^-tnA)dt, (2.10) 



=:U(T,A) 

where the last equality follows from the fact that t n> (e^*)*^'*A''(Fe-t n A) is 
continuous and thus locally integrable. Analogously, one obtains that 

X(A) = liminf r~iC/(T, A). (2.11) 

T-i-oo 

In order to show that X{A) = ^(^4) for all A G Sp, we distinguish between the 
cases A & £f\ K.f and A e K,p. 



Case I: Ae £f\ICf- 

In this case there exists v € A* such that A = g(j)vO. Assume that 9 is sufficiently 
small that n{ijj) > n{u) for all lv € T,{eo{0), 6) and define the set of words 

S,(e,^) := {a;eS(£,^) | [w] C [y]} 
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for £ e [0,eo(^)], where [ui] denotes the w-cyhnder set. 

In the following suppose that T > L. As e~'^+('=+i)'* < < so{6) holds for every 
fc e {0, . . . , [a~^(r-L)-lJ}, Lemma 2.3 implies that [j^^^f^^.T+(k+i)a ^g){g(l)ujK)e~t 
is a disjoint union for every fc € {0,..., [a~^{T—L) — l\}a.ndt e {T—{k+l)a,T—ka]. 
Therefore, for sufficiently large T we obtain that 

U{T,gcP^O) 

la-\T-L)-l} 

fc=0 •^T-(fe+l)a ajeE(e-^+('=+i)'',0) 

La-i(T~L)-lJ 

^ E E G„(e-^+('=+^)»)'^(l + ^)'^rf 

fe=0 weE^(e-T+(fc+i)»,6l) 
<.T-fea 

■ / (e"*)*"'^A'*(ii'g-t/(c.^(g-T+(fc+i)a)r_^))di 

JT-{k+l)a 

[a-\T-L)-li 

= E E G„(e-^+('=+^)«)^(l + ^)'^r^ 

fe=0 weS„(e-r+(fc + i)a,6») 

<.T-fea+ln(G„(e-^+<'=+i'")r„) 

• / {e-')^-'^X'^{K^-t)dt. (2.12) 

iT-(fe+l)a+ln(G„(e-^+('=+i)-)r„) 

Now observe that T - [a-^T - L)\a + ln(Gu;(e-^+('=+i)")ra,) >L + ln(7,r) > M. 
Thus, we can apply Equation (2.9) to obtain 



U{T,gct>^0) 

< E E G.(e-Wi)a).-(i + ^)<.,W / 

^=0 weE„(e-r+('=+i)'>,f) \JT-(fe+l)a 
La-i(T-L)-lJ / T_ka \ 

< E E GUO)^(l + e)''+VM / mdy + e] 



fe=o tjes„(o,i 



^eS^iO,0) \JT-[a-^(,T-L)la J 



We know, in light of Theorem 1.10, that the average Minkowski content of the self- 
similar set K exists. In view of Equation (2.10), the upper estimate for U{T,g^^O) 
implies that 



X{gcl,,0)<{MiK) + 29) E G„(0)^(1 + 0)''+^^ (2.13) 
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Now, we focus on finding a lower bound. In analogy to Equation (2.12) we have 



La-i(T-L)-lJ 

C/(r,#.0)> Yl E G„(e-^+('+'^")' (2.14) 

fc=0 a;eS„(e-T'+('=+i)<',e) 
pT-ka 



T-(fe+l)a 



For r > we denote the inner r-parallel neighbourhood of a set A C R'^ by 



A-r := {x e A \ p{x, dA) > r} 



and observe that X'^{Y nU)>X'^{Yn U-r) > X'^{Y) -X'^{Yn {U'')r) for Y,U C R'^, 
U open and r > 0. Using Lemma 2.5 with the constants rii, rj2, k fixed therein and 
thatT-(A; + l)a> L > -lnK7,rfor aU fc e {0, . . . , [a^i(T-L) - IJ } we obtain the 
following for aU lj e S^(e-^+('=+i)", 6*) and t e (T - (A; + l)a,T - ka]. To shorten 
the notation, we write & := Ga;(e-^+('=+i)'')(l + 6»). 



A'^((?!'a)-fl')e-V(G^(e-^+('=+i)»)(l+6l)) ^ 4>vO) 

> '^''((^w-f'')e-*/(G„(e-r+('=+i)»)(l+6l))) -'^'^(('^w-^)e- */© ^ {<i>vO'')^-T+ik+i)<. /i^) 

=:Ai(t,a),fe)=:Ai 

> Al - A'^((<?!.„iV')e-t/© n (<^a,0'=)e-T+(.+i)a/©) 

> ^1 - 'r^A'^(ii'e-V(0r^) n Og_T+(fe+i)<,/(g5^^-)) 

* \ '^"'^ / „-T+(fe+l)a 



> ^1 (g^(^_T+(fe+l)a)(l + 0)^^) 



G„(e-T+('=+i)")(l + %^ 



;:A2(t,aJ,/c) 



For i G {1,2} define 



\_a-\T-L)-l\ j,_ka 

E E GUe-'^+^'+'h" {e-'Y-"A{t,c.,k)dt 

fe=Owei;^(e-^+('=+i)»,e) ^T-(fe+l)a 
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and note that U{T, g(j)uO) > B1—B2 holds by Equation (2.14). Further, recall that 
T - [a-^{T -L)\a + ln(Gu;(e-^+('=+i)")r„) > M. Thus, for i = 1 we have 



[a-\T-L)-H 

fc=0 a;6S„(e-T+('»+i)'',6l) 
rT-ka 

JT-{k+l)a 
Va-\T-L)-1\ 

= E E G4e-^+('=+i)«)^(l + ^)^-<'ri 

fe=0 tu6S„(e-^+('=+i)",e) 

/.T-fco+ln(G„(e-^+(*'+i''')r„(l+e)) 

JT-(fe+l)a+ln(G^(e-T+('=+i)")r^(l+e)) 
(2 9) L«-'(7'-i)-lJ 

fe=o wes^(e-r+('=+i)»,e) 

(j-T-ka \ 
/ /(y)d2/-^ 
iT-(fc+l)a J 

La-i(T-L)-lJ / \ 

> E E + ^)"'^' / - ^ 

fc=0 c.eS40,e) \JT-{k+l)a ) 



: ^ G„(0)^(l + e)-'^r^( r /(2/)dy 



Setting 7„ := maxj;gKi/2|S''(a:^)|, for i = 2 we obtain that 



ya-\T-L)-\\ 

E G^(e-^+('=+i)")^-''vi-''=e(-^+('=+i)")''= 

fe=0 weE^(e-T+(fe+i)»,0) 

•r?i(l + 6»)^-''-''^a 

^ V- ' 

=:c 

<^-<X'^ E^^ E r^(r^iA-.K.+„„,,)-''=.e(-Wl)a).. 

^ ' fe=0 a)eE„(e-'^+('=+i)<»,e) 



La-i(T-L)-lJ 



'?2 „(-T+(fe+l)a)?72 



fc=0 



e'/2(T-i,) _ 
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Since by Equation (2.14) we have that U{T,g(l)^0) > Bi — B2, it follows that 
U{T,gct>.0)> Yl G^{0)\l + e)-''ril r mdy-e] 

c.eE.(0,e) \JT-la-^T-L)la J 

^'min "e-^,e I - Q-ar]2 

By Theorem 1.10 the average Minkowski content of the self-similar set K exists 
and in view of Equation (2.11), the lower estimate for U{T,g(j)^0) implies that 

X{g<t>.0)>iM{K)-2e) Yl G^oril + Or'^ri. (2.15) 

weE„(0,6i) 

Since Equations (2.13) and (2.15) hold for all ^ > 0, taking the limit as 6 tends to 
implies 

X{gcj>^0) < M{K) [ \g'\^dfis < 
Hence, by Theorem 1.12 we have 

X{gct>.0) = X{gcf>,0) = [ |g' o 5" ^d (5*^^, ■)) = m(#.0), 

where the last equality holds since the normalised (5-dimensional Hausdorff measure 
Uk on K satisfies Uk{<^^0) = nK{4>vK) for all v ^ A* . 

Case 2: ^ e ICp. 

In this case there exists an n G N such that ^ C M'' \ lJa;g.A- 94>wO and A G ©(K'^). 
Setting 7^ := sup3.g^^^^|5('(a;)| as before, we have for such a set A that 

\_a-^{T-L)-\\ -p-fea 

U{T,A)= \ {e-')'-''\\{gK\-.^A)At 

fc=0 JT-{k+\)a 
\_a-^{T-L)-\\ T-fea 

< E / (e-*)*-YA'^(i^e-V7 n5-'^)dt 

fe=0 iT-(fe+l)a 

<7f r X^{K,-y^^ ng-'A)dt. 

J 

Note that Equation (6.2.15) of [21] states that 

lim / (e-*)*-'^A'*(ii'e-* n C)&t = 

for every C G ICk- Hence, since g~^A G ICk, we obtain via Equations (2.10) 
and (2.11) that 

X{A) = X{A) = = iJ,{A). 

□ 
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